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sm’4MARY

Twotheoreticalproceduresaredevelopedfordesigningasymmetric
supersonicnozzlesforwhichthecalculatedexitflowisnearlyuniform
overa rangeofMachnumbers.OneprocedureisapplicableatMachnun+
herslessthanapproximately3. Thisapproachyields,withoutitera–
tion,a nozzleforwhichthecalculatedexitflowisuniformattwo
Machnumbersand,withproperdesign,isnearlyuniformatlkchnumbers
between,slightlyabove,andslightlybelowthesetwo.Theuseofan
inclinedandcurvedsoniclineisanessentialfeatureofthisapproach.
ThesecondprocedurerequiresiterationandisusedfordesignsatMach
nuzibersexceeding3. Althoughitisnota necessaryfeature,an
inclinedandcurvedsoniclineisalsousedinthisprocedure.Inboth
approachestheflowfielddownstreamofthesoniclineisdetermined
usingthemthodofcharacteristics.

INTRODUCTION

Theasymmetric,sliding~lock-ty-penozzlewesfirstshownbyAllen
(reference1)tobe eneffectivemeansforprcxiucingreasonablyuniform
supersonicflowovera rangeofMachnuuibers.Allenindicatedthatthe
principaladvantageofthistypeofnozzlewasitsstructuralend
mechanicalsimplicity;however,henotedthattheasymmetricnozzles
whichwereinvestigatedhadshownundesirablehorizontalandvertical
static-pressuregradientsatsomeoperatingspeeds.Aninvestigation
wasthereforeundertakentodevelopsystematicproceduresfordesi~ing
asymmetricnozzleswhichwouldproduceexitflowsofthedesireduni-
formityforwind-tunneltestingovera givenrangeofMachnumbers.The
W7?oseoft~ TresentpaperiStodescribethetwomostsuitabledesia
proceduresdevelopedtodateattheAmesLaboratory.Manyfeaturesof
theseProcedureshaveresultedprimarilyfromexperiencegainedinthe
designof18nozzles,8bythefirstproceduretobepresented,and
10bythesecondprocedure.
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ANALYSIS

TwoBasicFeaturesoftheVariableMachNumberAsymmetricNozzle

Beforediscussingspecificproceduresfordesigningtwo+immsionsl
asymmtricnozzles,itisusefultoconsiderfroma qualitativepoint
ofviewthereasonswhysuchnozzlesarecapableof~oducinguniform
exitflowsatmorethanoneMachnumber.Itisgenerallyaccepted
thatifa supersonicnozzleistoproduceuniformexitflowatmore
thanoneMachnunber,theshapeofthenozzlepassagemustbedifferent
foreachexitUch number.Forthisreason,mostvariable~ch nuniber
windtunnelshaveemployedeithera seriesofinterchangeablenozzle
walls(blocks),eachoffixedgeoutry,orflexiblenozzlewalls.With
bothofthesesolutionsthecontoursofthenozzlewallsarechangedto
givethechangesinpassageshaperequiredforvariationoftheexit
Machnumber.

Incontrasttothesesolutions,Allen’sproposalisthattheCO*
tourednozzlewallsberigidandthattheybemovedrelativetoeach
othersoastoformasymmetricpassagesofvariousshapesforproducing
flowsatdifferentexitMachnumbers.Anasymmetricnozzleofthis
typeisshowninfigure1. Thesolidllnesshowthepassageshapefor
a highMachnumberexitflow;thedashedltneshowsthelowerrigid
wallmovedtoa newpositiontoproducea passageshapefora lowMach
numberexitflow.Thelowerwallismovedina directionparallelto
thewallsofthetestsectionandtheratioofminimumsectionareato
testsectionareaisthuschangedwhilethetestsectionareais
maintainedconstant.Thisfirstfeatureofthesliding-blockasymmetric
nozzlemakesita practicaldeviceforvaryingtheexitMachnumber.
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Itisalsoclearfromfigure1 thatcertainportionsofthewalls
areincludedinthesuperscmicflowregionatthehighMachnumber
settingthatwereincludedinthelesscriticalsubsonicflowregionat
thelowMachnumbersetting.Theymay,therefore,beshapedtomakethe

*

remain-downstreamportionsofthewaU”s(designedtoproduceuniform
exitflowatthelowerMachnumber)consistentwithuniformexitflowat
thehigherMachnumber.Thissecondf-tureoftheasymmetricnozzle
makesitpossibletoproduceuniformexitflowsatmorethanoneexft
Machnumber.Asisdiscussedlater,itisthisfeaturewhichallowsthe
developmentofanexplicitprocedurefordesigningasymmetricnozzles
operatingatMachnuniberslessthanapprmimately3.

DeterminationofI?lowCharacteristicsin
AsymmetricNozzles

Theproblemofldeierminingthecharacteristicsoftheflowbetween
thewallsofanasymmetricnozzlecambedividedintothreeparts.
Figure2,a schematicdiagramoftheconstructionoftheflowfieldin
a typicalnozzle,willbeusedtoillustratethe-ditferentpartsofthe
problem.Part1 isthedeterminationoftheflowconditionsinthe
regionofthemigimumsectionwheresupersonicflowfirstoccurs.
LineAB infigure2 representsthelocationofthepointswherethe
initialflowconditionsarecalculated.Proceedingdownstream,part2
isthedeterminationoftheflowcharacteristicsfromtheseinitial
pointstotheregionJustupstreamofthenozzleexit-(areaABDCin
fig.2). Part3 istheconstructionofthe_flowfieldwhichmustexist
intheregionjustupstreamof’thenozzleexitinordertohaveuniform
exitflow.Theregionofthenozzleaffectedlythispartofthe-
problemisrepresentedbythe=reaCDE. ::

Itwillbeseenlaterinth+analysisthattheproceduredeveloped
hereinforMachnumberslessthan3 requiresthenozzlewallstobe
curvedintheregionoftheminimumsection.Thiscurvatureofthe
wallswillcausethesoniclinetobeinclinedwithrespecttotheflow
directionandgenerallycurved.Part1 ot..theproblemofdetermining
theflowcharacteristicsinanasymmetricnozzleisthedetermination
oftheflowintheregionoftheinclinedandcurvedSOriiCline.The
solutionofthisproblemisdiscussedinappendixA.

..-
“

.

.—

—

Throughoutthisstudythemethodofcharacteristicswillbe
employed.toconstructtheregionofthesupersonicflowfieldassociated
withpart2 oftheproblemofdeterm~ingtheflowinasymmetric
nozzles.Thecharacteristicsolutionoftw6-dimensionalsupersonic““ - —
flowswasoriginallydevelopedbyPr~dtl.andBusemann(reference2). “*
Thissolutionmaybeaccomplishedbynymericalorgraphicalprocesses
ora combhationofthesetwo.Ofthealternativeapproaches,the ‘“ ~~.
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graphicalmethodwaschosenasmostsuitableforthenozzle-design
problemsconsideredhere.Thereasonsforthischoiceare(1)thenet
sizecanbeeasilyvariedduringtheconstructionoftheflowfield;
and(2)thedesignerisenabledtovisualizegraphicallythevelocity
diagramoftheflowfield.

Sauer(references3and4)hEsdevelopeda graphical~thodfor
axiallysptric flowfieldsinwhichthecharacteristiclinesinthe
hodographplaneareconstructedina ste&by-stepprocess.Anadapta-
tionofthismethodtotwo-dimensionalsupersonicflowsisemployedin
thispaper.Thehodographonwhichthenozzleflowfieldsare
diagramedisconstructedusingthepolercoordinatesW and e and,
forconvenience,thehodographismarkedwithlinesofconstant~ and
e. (A W-scaleof0.02totheinchisused.) Forauirrotational,
two+limmsionelflowfield,thecharacteristiclinesinthehodograph
planeallhavethes- shape.Thispropertypermitstheuseofa
characteristictemplatewhichgreatlyincreasesthespeedofthscalcw
lations(i.e.,theconstructionoftheMachnet).Theshapeofthe
templatecaneasilybe,determinedsincetherelationshipbetweenMch
angleandflowdirectionalongthecharacteristiclinesisthesameas
fortheexpansionabouta cornerofa uniform,twc+imensional,super-
sonicstream.ThisrelationshipgivenbythefamiliarPrandtl-Meyer

~equation(see,e.g.,reference5 ,

e ‘e’ ‘W&c ~[m ‘= (~”+d-(~”-%). —

isplottedonthehodographandthetemplateismadefromthecurve.
Allthecharacteristicnetstobediscussedareconstructedusingthe
hodographandtemplatejustdescribed.

Therequirementforuniformexitflowina nozzleissatisfiedif
theentireflowfielddownstreamofthenozzleexitcanberepresented
bya singlepointinthehodographdiagram.Thispointis Uique
sinceitrepresentsthedesignflowparsnetersesllda forthe
testsection.Theeffectofthisrequirementonpart3 o!theproblem
ofdeterminingtheflowcharacteristicsina nozzleisthatareaCDE
infigure2 willberepresentedinthehodographdiagrambya single —

secon&familycharacteristicline.=Thischaracteristiclinepasses
thro# theuniquepointmentionedabove.TheflowinregionCDEwill
beofthePrandtl.+leyertype.A discussionofthistypeofflowis
presentedinappendixB.

1Asecond—familycharacteristiclineisa Machlinenegativelyinclined
withrespecttotheflowdirection.
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DesignYrocedureforMachNunibersLessThan
Approximately3

.

.

—

ThefollowingprocedurefordesigningvariableMachnunberas=
metricnozzlesisthemoredirectofthetwotobeprese?rted.This
procedureconsistsofthreemajorsteps.!l?hegestepsareasfollows:
First,thecontoursofthedownstreamportionsofthewallsaredeter-
minedtoproduceuniformexit-flowatthelowerdesignlhchnumber;
second,theflowfieldthatmust’existbetweenthesewallportionsfor
uniformexitflowatthehigherdesignMachnunibersettingisdete~
mined;andthird,theportionsofthewallsupstreamof’thoseconsidered
insteponeareshapedsoastoproducethefluwfielddeterminedin
steptwo. ThesethreestepsensurethatthenozzlewKU.produce
theoreticallyuniformexitflowatthetwodesignMachnwibers.Itis
required,however,thattheexitflowbenearlyuniformovera rangeof
Machnunibersfromslightlybelowthelowertoslightlyabovethehigher
designMachnuniber.Experiencegainedinthd.sinvestigationhastndi-
catedthatspecifyingcontinuouspressuregradientsinthenozzleat
thedesig.ti-hlachnumbersandcontinuousvariationofthesecondderiva-
tivesofthenozzlewallcontourstendstominimizethecalculatedflow
irregularitiesovertheMachnumberrauge.Theses~cifications,there-
fore,areenibodiedinbothdesignprocedures+Theuniformityofthe ‘d
flowatotherthanthetwodesignMachnumbersshould,ofcourse,be
investigated; y

Ithasalsobeenfoundfortheproposeddesignproceduresthatin
ordertominimizetheflowirregularitiesatoff-designMqchnumbersit
isdesirabletohavethepositionoftheminimumsectionmovecontinu-
ouslyupstreamalongbothwallsastheexitMachnumberis increased.
Thecontinuousmovemntwillbeaccomplished’ifthewallcontours
satisfycertainconditionsintheregionwheretheminimumsection
moves.Theseconditionsare:First,thewallcontoursshouldhave
singlecurvature(noinflectionpoints);second,theyshouldhavefinite
radiiofcurvature;andthird,thelocalradiusof’curvatime”ofthe
lowerwalJshouldalwaysbesufficientlylessthanthelocalradiusof
curvature.oftheupperwallto-ensurethatina givenpositionthe
nozzlehasonlyoneminimumsection.

TheupperandlowerdesignMachnunibersandthetest-section
heightarefirstselectedforanydesignundertaken.Itfollowsfrom
thediscussionof-theuniformityoftheexit-fluwatoff-designMach
nunibersthatthetwodesignMachnumibersmaybeselectedsomwhat
withintheetiremesofthedesiredrangeof“operationofthenozzle.
A typicallowltachnuniberconstruction,representingthefirstrstepfor
sucha design,isshowninfigure3.Forthefirstpartofthiscon-
structiontheflowparamterse and aM ata seriesofinitial k“
pointsjustdownstreamofthesoniclineare-determinedfromthetran- —.

sonicequationsgiveninappendixA, Theseinitialpointsareshown *
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alonglineA+. UseoftheequationsinappendixA requiresthatthe
radiiofcurvatureofbothwallsintheregionoftheminimumsection
beknown.TheradiusofcurvatureofthelowerwaU ismadelarge
comparedtotheminimumsectionheight(oftheorderof10minimum
sectionheights)to_prmitanaccurateapplicaticmoftheseequations.
Theupper-wallradiusofcurvatureattheminimumsectionisselected
inaccordancewiththediscussionofappendixB togivePrandtl+eyer
typeflowintheregionjustupstreamofthenozzleexit.(See
equation(B2).)Tosatisfytheconditionsofap~ndixA,bothradii
srekeptconstanta shortdistmce(oftheorderofone-halfthemini-
mumsectionheight)upstreamanddownstreamoftheminimumsection.
TheupperandlowerwallsareextendedupstreamtopointsJ andL,
res~ctively,tofulfillthisrequirement.

Forthesecondpartofthisconstructionthecharacteristicnetis
constructeddownstreamoftheinitialpointsputtinginonesecond-
fsmilyMachlineata time.LineC-Dinfigure3 isa typicalsecond-
familyMachline.Theradiusofcurvatureoftheupperwallisheld
constgntuntiltheflowalongthatwallbecomesofthePrandtl+ieyer
type. ThisoccursatpointE offigures(a).Thecurvatureofthe
lowerwallishel$constantuntilthedesignMachnumberisapproached
onthatsurface.Thecurvatureisthengraduallydecreased,becoming
zerowherethedesignMachnumiberisattained(pointG infigureS(a)).*
Whenthecharacteristicnetiscomplete,theshapeofthedownstream
portionsofbothwallsisdetermined.Thefirstmajorstepinthe
designprocedureisnowcomplete.

2Theflowalongtheupperwallbeco~softhe%sndtl+eyertypewhen
thelinerepresentingthatwallinthehodographdiagram,lineACE
infigures(b),becomstangenttoa second-familycharacteristic
linesuchaslineE-H.Experiencehasindicatedthatthistangency
willoccuriftheupper=wallradiusofcurvatureisselectedbyuse
ofequation(B2)andiftheothersuggestionsarefolluwed.

%he curvatureofthelowerwallismintainedconstantovermostof
thelengthofthisconstructionsincethisresultsintheshortest
nozzlewithoutincreasingthecurvature.Increasingcurvatureinthe
streamwisedirectionhasbeenfounddifficulttohandleinlater
constructions.

41tisdifficulttoestablisha definiteruleforthelengthofthe
portionofthelowerwallalongwhichthecurvatureisdecreasedto
zero.A lengthofone+alftoonetest-sectionheightshasbeen
foundsatisfactory.
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Theflowfieldthatmustexistbetweentheseportionsofthe

2922

walls
foruniformexitflowatthehigherMachnunibe.rsettingwill.nowbe
determined.Maintainingthetest-sectionheightconstant,theupmr-
emdluwer+mllportionsarerotatedtomake~= O inthe_bef3t-secti.on._._
Thenholdingtheupperwallstationary,thelowerwallistranslated
horizontallyuntilitisinthehigherdesignllachnuuibersetting.A
satisfactorycriterionforthispositiaisthatthedownstreamendsof
thecontouredportions,po@s G andH infigureh(a),bealinedalong
theS- first-familyMachlineinclinedattheWch anglecorresponding
tothehigherdesignMachnuniber.Specifyinguniformflowdownstream
ofthisMachline,thecharacteristicnetcanbeconstructedbetweenthe
portionsofthewallsinthereverseoftheflowdirection.Sucha
constructionisshowninfigure4. Theconstructioniscontinuedtothe
upstreamen&oftheupper+allportion,point-J.Ingeneral,the
termination-oftheconstructionontheluwerwall,pointK offigureb(a),
willliedownstreamoftheendofthepredeterminedportion,pointL;if
not,thelowerwallcanbeextendedatconstantcurvature.Thischarac-
teristicnetconstructiondeterminestheflowconditionsthatmustexist
betweenthetwowallportionsiftheexit
higherdesignMachnuniber.

Thenextproblemistodeterminethe
wallsbetweenthenewminimumsectionand
Thisshapemustbesuchastoproducethe

flowistobeuniformatthe

ShS@S ofthepOX’tiORSofboth
thelineJ-Koffigureh.
sam variationofIkchangle

andstre-manglealongtheMachlineJ-Kasw_asobtainedbythe -
characteristicnetconstructionoutlinedintheprecedingparagraph.
‘IT&radiusofc~atureofthelowerwallattheminimumsectionis
selectedintheS- mannerasforthelowerdesignMachnumber.The
heightoftheminimumsectionmaybecalculatedbyuseoftheone-
diwnsionalarea-ratiorelationshipsincethecurvatureofthesonic
linedoesnotsignificantlyinfluencethemassflow.Theradiusof
curvatureoftheupperwallisselectedtithlheaidOfequation(B2) ._.
togiveapproximatelythesamevariationfromIlmndtl+eyertypeflow
asoccursattheMachlineJ-K.5Thisselectionneedonlybean

5ThedifferencefromPrsmdtl-Meyertypeflowat--pointK infigure4,is
definedhereasthedifferencebetweende/d~ alonglineKGevalu-
atedatpointK -andde/d~ alongthesecond-familycharacte-
risticlinepassingthroughpointK.If,forexample,lde/d~\along
lineKGis10percentlessthanalongthec~racteristicline,the
curvatureoftheupperwallshouldbeabout10percentlessthanthat
calculatedforPrandtl-Meyertypeflow.ThecurvatureforPrandtl-
Meyertypeflowmaybecalculatedbyuseoflequation(B2).”Inthat
equation~ istheradiusofcurvatureofthelowerwallatpointK
andh~isthe.normaldistancebetweenthetwowallswhichmaybe
estimatedgraphicallyinfigure-k(a).

.

.
.—

—
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w
.- --

.

—

—
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.
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estimate.Itshouldbepointedoutthatthereisnowayofknowingin
advancethelocationofthenewminirmmsectionwithrespecttothe
testsection.Forthisreasona differentcoordinatesystemisused
forthenewconstruction.

FollowingtheprocedureofthelowerMachnumiberdesign,the
initialpointsareselectedalonglineAt-%?offigure5. Thecharac–
teristicnetwillbeconstructeddownstreamoftheinitialpointsuntil
theMachnuniberonthelowerwallcoincideswiththeMachnunberat
pointKin figurel(a).Atthispointontheluwerwalltwoother
conditionsshouldalsobesatisfied.Theseconditionsare:(1)therate
ofchangeofl&changlewithfluwez@e alongthelowerwallshouldbe
thesameasatpointK,and (2)theradiusofcurvatureoftheluwer
wallatthispointsadupstreamofthepointa distanceequaltothe
distanceK+ offigurek(a)shouldbethesameasatpointK. These
conditionsmaybesatisfiedbyusingthefollowingprocedure.Thenet
isfirstcons_&ructedasfaraspointP infigure5,whilesimultaneously
theradiusofcurvatureofthelowerwallisgraduallyincreased.This
partoftheconstructiondetermineslineBt–Pinthehodograph
(fig.5(b)).ThepointwheretheMachnumkrcoincideswithpointK
willbedesignatedaspointM. A linerepresentingthelowerwallin
thehodographdiagramisfairedfrompointP topointM ina mannerto
betangenttothelineBt–Pandtogivethesamede/dCCMalO~ thfS
lineatpointM asthepreviousconstruction(fig.k)hadalongthelb
K+ atthepointK. Thiscurverepresentsa lowerwallwhichwill
satisfycondition(1)anddeterminesthevalueofe atpointM. With
thevalueof13andtheradiusofcurvatureatpointM theshapeofthe
portionofthelowerwallfrompointP topointM maybe chosento
satisfycondition(2).SeveralpointsarechosenalonglineP-Mandare
conibinedwiththe~ch lineQ–PtodeterminethenetintheregionQm
infigure5(a).Theshapeoftheupperwallinthisregionisthe
streamlinethroughpointQ.

Thetwoconstructionsinthephysicalplane(figs.k(a)and5(a))
me thenjoinedatpointsK andM andproperlyorientedby equating6’
atthetwopoints.Thisorientationbringsthetwoconstzmctionsto
thesamecoordinatesystem.Theconibinedconstructionsinthephysical
planeareshowninfigure6. Thecharacteristicnetisconstructed
betweenthetwoportionsintheregionNK7md theupperwallcontouris
determinedbyplottinga streamlineconnectingthetwoportionsofthe
upperwall.Thiscompletesthedesignofthecontouredwallswhichwill
producetheoreticallyuniformexitflowatbothdesignMachnumbers.

TheflowinthenozzleshouldbeinvestigatedatseveralotherMa&
nuuibersinthedesignrangetodetermineifanysignificantvariations
ofMachnumberorflciwinclinationoccurinthetestsection.Thishas
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notoccurredinanyoftheeightdesignsattempted.Shouldanysigni-
ficantvariationsoccur,however,appropriatecorrectivemeasuresofthe
typ discussedinthenextsectioncanbetaken. “

Intheorythereisnoapparentrqasonw_@thisdesignprocedure
shouldberestrictedtotwoMachnumbersorwhyitshouldbelimitedto

.

Machnumberslessthan3. ~acticaldiffic~tiesdolimititsap@ica-
bility,however.Forexample,ifthehigherdesignliachntierexcee~ ‘ ‘
approximately3,itbecomesverydifficulttofindcontoursforthe
lowerMachnumiberportionsofthewallstowhichanyadditionalportio=
maybeaddedtogiveuniformexitflowatthishigherMachnuniber.The
difficultydevelopswhenthecharacteristic&t-isconstructedinthe
reverseoftheflowdirection.Exyansionwavelets,whichdivergeinthe
streamwisedirection,convergeinthisconstruction.AboveM = 3 the
rateofconvergenceissuchthat,inapproximately10constructions
attempted,severalwaveswerefoundtocoalesce.Whenthiscoalescence
occurs,nosolutionat....thehigherdesignMachnumberispossibleusing
thepresentwthod. A similardifficulty(notediscussioninappendixB)
developswhentheprocedureisrepeatedfora thirdMachnumberbelow3.
Thesedifficultiescouldpossiblybeoverca byconsiderablyincreasi~
thelengthofthenozzle.Thissolutionisimpractical,however,for
manyapplicatio~(e.g.,largewindtunnels)... +.

DesignProcedureforMachlhuibersGreaterThanApproximately3 .

Theprocedurefordesigningvariablel@chnumberasymmetricnozzles
tooperateatMachnumbersgreaterthan3 egryloysanaveragingprocess
andyieldsnozzlesforwhichtheanalysisindicatesapproximatelyuni-
formexitflow.Thecontourisdesignedfirstforthehighesthkch
nudberbya proceduyesimilartothatusedforthedesignofthelower
Machnumberportionofthewallsdiscussedinthepreceed@gsection.““ ‘

—.

Figure7 representsthephysicalplaneofa constructionofthistype.
A differencebetweenthisdesignprocedme-fidb-one referredtoabove
isthattheflowalongtheupperwall.doesnotbecomeoftheHandtl-
MeyertypebeforepointC. Atthispointitrest,tosatisfythe
requirementsforuniformexitflow.Ingeneral,ithasbeenfound
desirabletoturntheflowbetweenpointsA --E throughanengleno
greaterthanthePrandtl-Meyerexpamionangleforthelowestdesign
Machnwiber.Thereasonforthislimitationisdiscussedinthenext
paragraph. .—

ThecontoursforthehighestI&chnuderaretranslatedtothe
lowestdesignlkchnumbersettingandthecharacteristicnetisrecob
strutted.Ad~ustmmtsaremadetotheshapeoftheportionof-theupper *
wallbetweenpointC andpointE offigure‘j’toprovideuniformexit
flowatthislowesthch nuuiber.Theprocessisrepatedat-two -=



.

.
.

NACATIJ2922 11

intermediate&ch numbers.FortheportionC+, fourcontoursresult.
Theseresultscu?eplottedintheformof’slopecurves(i.e.,9 asa
functionof x)andanarithmeticmeanoftheetiremestaken.Exper-
iencegainedinconstructing10nozzlesbythismethodhasshownthat
limitingtheanglethroughwhichtheflowisturnedinthemannersue
gestealinthepreviousparagraphwill.minimizetheclifferencebetween
thefourcontoursfortheportionofthewallbetweenpointC and
pointE.

ThemeancontouristhensubstitutedfortheportionC–Eineachof
thefourconstructions.Thecharacteristicnetsarechsmgedinthis
regionandextendedintothetestsection.Fromtheseconstructions,
plotsaremadeofthestreamemgleendMachnumberdistributionsinthe
testsection.Shouldanyunacceptablevariationsresult,theyare
tracedbackthroughthatparticularconstructionandappropriateadjust-
mentsmadetothewalls.Theeffectoftheseadjustmentsontheother
threeconstructionsmustthenbeconsidered.Througha seriesofsuch
adjustments,nearlyuniformflow(stream-anglevariationsoflessthan
~0.25°)cangenerallybeobtainedatallfourMachnumbers.

.—_

—

.-

ComputationofOrdinatesandBoundary-LayerCorrection

A firstdeterminationofthebasicwallcontourshasnowbeenmade;
however,aswasdiscussedpreviously,thesecontoursmustbeexamined
toensurethatthesecondderivativecurvesarefair.Theslopecurves
ofthecontours(i.e.,0 asa functionof x)areconvertedtofirst
derivativecurves(i.e.,dy/dxasa functionof x)whicharediffer-
entiatedgraphicallytoobtainthevaluesofthesecondderivatives.
Curvesarefairedthroughthesevaluesandrevisedfirstderivatives
andslopsareobtainedfromgraphicalintegrationofthesecurves.
Experiencehasindicatedthattheoriginalandrevisedslopesshould
agreetowithin+0.030atallstations.Theprocessoffairingand
integratingshouldberepeated,ifnecessary,untilthiscriterionis
satisfied.Therevisedordinatesareobtainedintheusualmnnerfrom
therevisedfirstderivativecurves.

TheresultsofTucker(reference6)maybeusedtocomputethe
boundary-layercorrectionforbothlowandhighMachnumbernozzles.
Tobeconsistentwiththedeterminationoftheuncorrectednozzlecon-
tours,careshouldbetakentoensurethattheboundary-layercorrection
isalsofairtothesecondderivative.

DISCUSSION

Manyvariationsof
Machnumber,asymmetric,

theproceduresgivenforthedesignofvariable
supersonicnozzlesarepossible.The

—
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.
suggestionsgivenresultprimarilyfromexprience.Inregardtothe
fairnessofthenozzlewalls,somethingmoreshouldbesaid.Asthe
secondderivativeofthenozzlecontourisdirectlyrelatedtothepres-
suregradient,continuousvariationofthesecondderivativealongthe

.

nozzlewalltendstoensurecontinuousvariationofthepressure
gradient.Theoretically,a discontinuityinthesecondderivativeis
permissible,providedtheMachline(oritsreflection)passingthrough
thisdiscontinuityalsopassesthroughanotherdiscontinuityofopposite
natureandequalmagnitude.Withasymwtricnozzlesofthetypeunder
comideration,thisrequirementwouldnotnecessarilybesatisfiedat
allsettings;hence,continuityofthesecondderivativeofbothwalls
isspecified.Itfollows,ofcourse,thatthecurvatureofbothwalls
goestozerocontinuouslyatthenozzleexit.

TheusefulnessofthedesignprocedureforMachnuuiberslessthan
approximately3 liesinitsdirect,noniterativeapproachandinthe
factthattheoreticallyuniformexitflowina nozzlecanbeobtainedat
twoMachnunibers.IftheflowisuniformattwoMachru.mibers,itseems
reasonabletoe~ct theflowtobenearlyuniformatintermediateMach
nmibersandI&chnunibersslightlyabovethehigherandslightlybelow
thelowerdesignMachnuniber.Theoreticalanalysesoftheflowat
severaloff-designMachnumibershavesubstantiatedthisexpectationin
alleightdesignscompleted.

Noexperimentalresultsforlarge-sca16-hozzlesare”availablewith
whichthetheoreticalpredictionsofthemethodspresentedb this
papermaybecompared.SonEdataareavailablewhichwereobtainedin—
a 2-by2-inchnozzledesignedbytheprocedureforMachnunibersless
than3. ThisnozzlewasdesignedtohaveuniformexitflowatMach
numbersof1.5and2.6.Thecoordinatesfor”-thewallsofthisnozzle
arepresentedintableI=—Thesecoordinatesdonotincludea correction
forboundarylayer;however,thecoordhatesofthenozzlefabricated
didhavea boundary-layercorrection.OStatic-andpitot-pressure
surveysweremadeinthetestsectiauandtheresultsofthesesurveys}
convertedtostreamstatic-pressurecoefficient,areshowninfigure8.
Theseresultsindicatethatvariationsinstreamstatic-pressurecoeffi-
cientaresmall,neverexceedingapprox-tely+0.006overtheMach
nuxriberrange.Thesevariationsareofthesameorderastheerrors
involvedinthemeasurements.Theresultsofthesurveysindicateno
large,undesirablegradientsaswereobservedatsombl!ach‘znmibersby
Allen(reference1)inthetestswhichledtothepresentinvestigation.

‘Thecoordinatesofthewallsofthisnozzlearenotgivenwithcorrec-
tionforboundarylayersincethesecoordinateswouldapplyonlyfor
theReynoldsnumberatwhichthesetestswereconducted.

*.
.—

.-
. .-

—
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C!OIVCLmIONS

Twotheoreticalproceduresaredevelopedfordesigningasymwtric
su~rsonicnozzlesforwhichthecalculatedexitfluwisnearlyuniform
overa rangeofMachnunibers.Oneprocedureisapplicableatlkch
numberslessthanapproximately3 andyields,withoutiteration,a
nozzleproducingtheoreticallyuniformexitfluwattwoMachnunibersand
nearlyuniformexitflowovera rangeofMachnunihers.An essential
featureofthisprocedureistheuseofaninclinedandcurvedsonic
line.Theotherprocedurerequiresiterationandisusedfornozzles
designedtooperateatMachntiersgreaterthanapproximately3.
Althoughitisnotanessentialfeature,aninclinedandcurvedsonic
lineisalsoemployedinthisprocedure.

A !&by2-inchnozzlewasdesignedbytheprocedureforMach
nuniberslessthan3 tooperateovertheMachnwiberrangefrom1.5to
2.6.Theresultsofstatic-andpitot-pressuresurveysinthetest
sectionofthisnozzleindicatea maximumvariationOf*0.006inthe
streamstatic-pressurecoefficientoverthedesignMachnumiberrange.

AmesAeronauticalLaboratory
NationalAdvisoryCo?m+LtteeforAeronautics

MoffettField,Calif.,Jan.19,1951
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AFPENDIXA .

DETERMINATIONOFTHEFIOWFIELDNEARTHESONICLINE

Sauer(reference7),amongothers,hasdevelopedequationsdefining
thesonicltneinflowthroughtheminimumsectionofa symmetrical

—.

nozzle.Saueralsodevelopedsimilarequationsdefiningtransonicflow
aboutprofiles.Theequationsforthetransonicflowabouta profile
maybeappliedtoflowthroughtheminimumsectionofanasymmetric -.
nozzle.

Theoriginofthecoordinatesystemisplacedatthepointwhere ‘“ :
sonicvelocityoccursontheuppercontour,andthe x axisismade
tsngenttothiscontour.(Seefig.9.) BytheuseofSauertsdevelop-
mentbutaddinga terminthefourthpowerof y inthevelocity
potential,thefollowingequations,result:

u=

v=

where

(Al)

[
+x -1-Xy 2j32+ (7+1)a=1[-C@‘++-@x(y 1Y+l~2 + 92) ~ +

.

-# Y+l)2@
6

+..0

fj=$
u

CF.* [$($-$)-+]

(A2) ‘“

.
-,-

(M)

(A4)

Equations(Al),(As),and(A4)arethesmneasSauer~sresults.Equa-
tion(A2)includesoneadditionalterm. —

Inordertofixthesoniclinewithrespecttotheminhnumsection,
it isnecessarytoknowXMU or
deducedfromthegeometryofthe

xM - xM
u L=
Ys

x~L. (Note-fig.9.) Itmaybe
problemthat- “

(-)v1-I-UX=XM
uy=o

(A5) w

.



NACATN2922 15

and

(A(5)

Setting

()K= ‘~l+U ~.~

makingthenecessarysubstitutionsinequations(A5)and(A6),and
sol~~ for XMU =d xML yields

—

1
‘~ =2CZ(RU-RL)[J

(Ru+ ys-RL + CXRLRU)2- -LRU(RU -RL)–

(Ru+ YB –RL + -LRU)1 (A7)

and

(A8)

Equations(Al)through(A8)definetheshapeofthesonicline,
providedthelocalflowvelocityisnottoodifferentfromsonic
velocityintheregionnearthesoniche andprovidedtheradiiof
curvatureofthelowerandupperwallsareessentiallyconstantinthis
region.ThestreamanglesndMaehangleatanypointnearthemini-
mumsectioncanbe calculatedby standardmethodsfromtheknownvalues
of u and v. Thecorrectiontomassflowduetothecurvatureand
inclinationofthesoniclinewasinvestigatedandfoundtobenegli-
giblefornozzleshavingmoderatelycurvedandinclinedsoniclties.

Ifthenozzleissymmetrical,thentheupperwallistheplaneof
symmetryanditfollowsthat

Thepreviouslydevelopedequationsforflow
linenowreduceto

intheregionofthesbnic

a3Y3
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and
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TheseequationsareidenticaltothosedevelopedbySauerfora
symmetricnozzle.ItshouldbenotedthatinthisanalysisYS is,of
course,alwaysnegative.

.

.—



3M

.

NACATN2922 17

APPENDIXB

PRANDTL-MEYERFLOW

Intheregionjustupstresmoftheexitfromanasymmetricsupe~
sonicnozzle,a specialtypeofflowoccurs.Thisregion(ABCin
fig.10)isboundedbythecurveduppertunnelwallsndtheMachline
passingthroughthedownstremendofthiswall.Sincethewallsare
straightdownstreamoftheline&B, my variationsinMachnumberad
flowsnglealongthislinewillbepresentinthetestregion.For
Uniforlr-exit
first-family
relationship
frompointC
expansionof
corner.The
references8

fl;wtheflowconditio&alongthisline,or-anyother
Machlineh thisgeneralregion,mustbeconstant.The
betweenMachnumberandflowanglealongtheupperwall
topointA mustthereforebethessmeasforl?randtl~eyer
a uniform,twtiimensional,supersonicstreamabouta
solutiontothisflowproblemiswellknown(see,e.g.,
and 9)andwillnotbepresentedhere,butratherthe

applicationofthe-solutiontothepr~blemofsupersonicnozzledesign
willbediscussed.

Considernowa nozzlemadeupofelementsoftwol?randtl.eyer
streamlinesasshowninfigure11. Itisclearfromthe

4f=%qJ-%~

Assumethattheratiobetweenthenormalheightfromthe
theeffectivecornerhM andtheradiusofcurvatureof

figurethat

(Bl)

str,esmlineto
thestreamline

L-.

R isa functionofthelocalMachnumberonly.Thiswillbeproven
subsequently.ReplacingMU and ~L withtheproductofthisratio
andtheproperradiusofcurvature,equation(Bl)becomes

ThefunctionP isdefinedas

P– %%
= Ru-RL-~

(B2)

(B3)

Bycombiningequations(B2)snd(B3)itcanbeseenthattheequation

P’o (B4)

appliesonlywhentheflowisofthePrsmdtl-Meyertypebetweenthetwo
stresmilines.Withthistypeofflowthechangeinflowanglebetween
anytwoMachlinesofthefirstfamily,suchasthoseshown

--

.
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infigure11,isthesamealongeitherstreamline.
.

..—Considernowwhen

P>o (B5)

Ifallthequantitiesin P aretreatedasfixedwiththeexceptionof
RI,(noteequation(B3))theinequalitymeansthatRL isgreaterthan
forthecaseofEhwndtlA4eyerflow.Thechangeinflowanglealongthe
lowerstreamlinebetweentwoMachlineswillbeless.Someadditional
turningofthestresmwillberequiredbyreflectedwaveletsfromthe
upstresmportionofthenozzle.Inthiscasethewaveletswouldbe
expansions.

Considertheinequality

—

P<o (B6)

Byuseofthesamereasoningasinthepreviousparagraph,itcanbe
shownthatreflectedcompressionwaveletsarerequired.

Fora givenasymmetricnozzletheratiohN/(~-RL)willbefixed u
by thegeometryofthenozzle(asdetermined,forexample,atthefirst

.-

designklachnumber)while~/R willvarywiththeMachnumberinthe
regionofthenozzleexit.Hence,knowingthevariationin ~/R it .

willbepossibletodeterminequalitativelythevariationin P end
thusthetypeandconcentrationofwaveletsthatmustbereflectedin
thenozzleatvariousMachnumbers.

-.

Itnowremainstodeterminethemannerinwhich~/R varfeswith
Machnumber.Theequationofa PrandtlWeyerstreamlineinpolarCOOP
dinatesasgivenbySauer(reference4)

r = & [COS(&

is y+l.--—
7-1 (B7)

—.-

Thecoordinatesystemisshowninfigure12.
ofthisstreamlinecanbefoundasa function
u isrelatedtothelocalMachnumberbythe-
takenfromreference4:

Theradiusofcurvature
of ho and u. Theangle
followingequation,also

,

(7+1)–2 COS2
M2= (B.)

‘7-])c0s2v5 ”)-

—

\
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. Equation(E8)canbecombinedwiththeexpressionfortheradiusof
curvatureintermsof & and u togive

R=

Fromone-dimensional

[1~ + 7-1~2 7+1
ho (7+1)M3

2 H

2 (M2-1) ‘@
2

areaaatloconsiderations(reference~)

[1y+l 7+1
%M T m~=

l+@M2
2

Combinationofequaticms(B9)and(B1O)yields

19

(39)

(Blo)

(ml)

Theratio~/R isplottedasa functionofMachnumberinfigure13.

Considernowa t~icalexampleofhowtheparameterP can%e
employedtoguideasymmetricnozzledesign.Assunea nozzleisdesigned
withnoreflectedwaweletsata Machnumberof1.2;inthisease,then,
P equalsO. Thenozzleisrequired,however,tooperateuptoa Maoh
nuuiberof2.0. Itisclearfromfigure13,theeq.uationfor P,andthe
previousdiscussionthat,uptoa Machnumberof1.8,P islessthanO
andhencereflectedcompressionwa~eletsarerequiredneartheexit.
Abovea Machnumberof1.8,P isgreaterthan O andhencerefleoted
expansionwaveletsarerequiredtogiveuniformflowattheexit.This
changeinthetypeofreflectedwaveletsrequiredisdifficulttoobtain
withwallsofreasonableshape.Reflectedcompressionwaveletsresult
fromanupperwallofrelativelylargecurvatureandreflectedexpansion
waveletsresultfromanupperwallofrelativelysm%llcurvature.
Therefore,thedesignofa nozzleoperatingovera ramgeofMachnuw
hersspanningthepeakinthe ~/R curveisdifficult.Onenozzle
wasdesignedtogiveuniformexitflowat M = 1.2,1.6,and2.0;however,
thesecondderivativeofoneportionoftheupperwallvariedrapidly
overa shortdistance.Thisportion~roduceda shockwaveat M = 1.8.
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WIBIEI.-C!OCXRDINATES@’NOZZLEWALLSDESIGNEDF(I13
MACHmrms a?1.5m 2.6.*

l—————b
.

% Yu % ‘u ‘L ‘L ‘L YL

0.000O.OCKQ9.2000.68600.0000.0000 6.6000.3629
.2(X).0000 9.400 .726 .2ca .Oooo 6.8Qo p;
.400 .mol g.fao .7683 .Ooo1 7.000

.00Q2 9.800 .8115 :2% .0003 7.200 .4737
:x .0006lo.ocm .8559 .%0 .0007 7.400 .5153
1.000 .Oou 10.200 .90161.000 .0013 7.600 .5592
1.200 .002010.400 .94861.200 .Ooz 7.WO .6o56
1.400 .003210.600 .99691.400 .0035 8.000 .6544
1.600 .004710.8001.04651.600 .0052 8.200 .7Q56
l.mo 1.006711.mo l.ogm 1.800 .0074 .7593
2.000 .(X)91I.1..mo1.14972.OCO .0102 ::% .8155
2.200 .0120 1.L400 1.20332.203 .0134 8.800 .8743
2.4m .035411.al 1.25822.400 .0173 9.CK)O.9356
2.600 .0193U.800 1.3JA62.600 .0219 9.200 .9995
2.800 .0238 1.2.000 1.f123 2.800 .0271 9.4001.0660
3.ci)o.0290J2.2001.43163.000 .0332 9.6001.I.352
3.200 .034812.4oo1.49283.200 .0401 9.8001.2071
3.400 .041212.6oo1.55623.400 .0479lo.cilo1.2818
3.600 .048412.8oo1.62213.600 .056910.2001.35%!

.056313.oci)1.69063.800 .0668lcJ.4c&1.4395
R% .065113.2001.7&8 4.000 .0780 1.5226
4.200 .074713.4oo1.83574.2oo .090510:8001.6087

.08531.3.6oo1.91234.400
::!%

.1044I.1.mo1.6977
.O@ ;:.&_?&1.99144.600 .IL97 U..2OO1.7896

4.800 .1094 2.07304.800 .1365IL400 1.8845
5.000 .123114:2m 2.15685.000 .@a 11.6001.9826
5.200~ .137914.4002.24235.200 .1748LL.8002.0837
5.400 .153814.600;.32!3;;.g .19631.2.0002.1880
5.600 .170914.&o .!xi961.2.2002.2955
5.800 S&l 15.0002:5(2875:mo .2Q1512.4oo2.ko62

15.2002.60066.000 .2713 12.m 2.5201
:$% .228g15.4002.6940 6.200 .299912.800 2.6374
6.4oo .2507 15.6Qo y3@78 6.400 .330413.0002.7581

.2737 15.@o
2:P0 .297916.0002:9642
7.ocQ.328316.200S.0843
7.200.349916.4oo3.1860
7.400.377816.6003.!2894
7.600.407016.8003.3945 F- M= 1.5,b=2.236
7.800 .434517.0003.5014
8.000 .469217.2003.61oo M = 2.6,b =4.800
8.200 .502217.4ofl3.7204
8.400 .5364:;:% p?;
8.EQo ●57’19
8.800 .608718.0004:0622
9.000 .646718.2004.1798
. .. . . .. ..=uoorunmesao not Includecorrection for boundarylayer. -—
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Figure 1.- Voriobk Much nambev @symmetric supwsmic nozzle.
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F&n? 2.- Schemotic diagmm of the constructbn of the flow field in a typical osymmetrk nozzle.
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(b) Hodographplane. v-–’

Figure3.- Typicalconstructionof characteristicnet at
lowerdesignMoth numbe~
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M
(u)Physkdphne.

Muchangle, au, degrees

(’4)Hodogfaphplane.

Figure5.- Typicalconstructiondownstream
secthnat h@herdesignMach

of minimum
numbez
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Figure 6.- Combinedconstructionsat higherdesignMoth number
showingcompletedcharacteristic net ond sireomlineuniting
the two portions of the upperwall.

Figure Z - Constructionfor high Moth numberdesignprocedure.
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Figure8.- The variationof the stream static pressure
coefficient axiolly in the 2- by 2- inch test section.
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Figure 8.- Continued.
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Figure 8.- Concluded
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Figure9.- Geometryof the minimumsectionof an
asymmetricnozzle. .

.
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Figure 10.- Downstreamend of flow field in on asymmetric
nozzlewith uniformexit flow.

-

Figure IL- Sectionof asymmetricnozzlemade up of elements
of two Prandtl-Meyer streamlines.
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